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Abstract
We consider tromino tilings of m × n domino-deficient rectangles, where 3|(mn − 2) and m, n ≥ 0, and characterize all cases
of domino removal that admit such tilings, thereby settling the open problem posed by Ash and Golomb in [J. Marshall Ash,
S. Golomb, Tiling Deficient Rectangles with Trominoes, Integre Technical Publishing Co., Mathematics Magazine (2003), 46–55].
We suggest a procedure for tiling domino-deficient rectangles based on this characterization. We also consider general 2-deficiency
in n × 4 rectangles, where n ≥ 8, and characterize all pairs of missing squares which do not permit a tromino tiling.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
Tiling the plane is an interesting field of recreational mathematics. In a talk at the Harvard Math Club in 1953,
Solomon Golomb defined a class of geometric figures called polyominoes, namely, connected figures formed from
congruent squares placed so that each square shares one side with at least one other square. Dominoes, which use two
squares, and Tetrominoes (the Tetris pieces), which use four squares, are well known to game players. Golomb first
published a paper about polyominoes in the American Mathematical Monthly [9]. Polyominoes were later popularized
by Martin Gardner in his Scientific American columns called “Mathematical Games” (see, for example, [2,3]). A
region is tiled with a given tile if it is completely covered by its copies without any overlap. Several results about tiling
regular shapes with polyominoes are mentioned by Stanley and Ardila [1], and Do [8]. Many of the initial questions
asked about polyominoes concern the number of n-ominoes (those formed from n squares), and what shapes can be
tiled using just one of the polyominoes, possibly leaving one or two squares uncovered.
In this paper we consider tilings of rectangles using 3-ominoes or trominoes of which there are two basic shapes,
namely a 1× 3 rectangle and an L-shaped figure (more commonly known as the right tromino). We restrict ourselves
to tilings only with the right tromino. From now on, we will simply say tromino to mean the right tromino. Chu and
Johnsonbaugh [4], first characterized all m × n rectangles that permit a tromino tiling.
Theorem 1.1 (Chu–Johnsonbaugh Theorem [4]). An m × n rectangle can always be tiled by trominoes if 3|mn,
2 ≤ m ≤ n, except for 3× (2k + 1) rectangles where k ≥ 1.
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Fig. 1. (i) Some notations. (ii) & (iii) Vquad and hquad shifts.
A rectangle from which one square has been removed is called a deficient rectangle. Golomb [9] proved that
deficient squares whose side length is a power of two can be tiled by trominoes. Chu and Johnsonbaugh extended
Golomb’s work to the general case of deficient squares [5]. Ash and Golomb [6] considered the problem of tiling a
deficient rectangle. They characterized all positions of a square whose removal still permits a tromino tiling.
Theorem 1.2 (Deficient Rectangle Theorem [6]). An m × n deficient rectangle, where 2 ≤ m ≤ n and 3|(mn − 1),
has a tiling, regardless of the position of the missing square, if and only if (a) neither side has length 2 unless both of
them do, and (b) m 6= 5.
A slightly weaker version of this theorem was proved by Chu and Johnsonbaugh in [4]. Now consider the problem
of tiling a rectangle from which two squares have been removed. This problem was posed as an open problem in [6]. A
rectangle from which two squares are missing is called a 2-deficient rectangle. We consider tromino tilings of a special
class of 2-deficient rectangles, namely, the domino-deficient rectangles. These are rectangles from which a domino has
been removed. For an m × n domino-deficient rectangle to be tileable by trominoes, the resultant area (mn − 2) must
be divisible by 3, i.e., mn ≡ 2(mod 3). We characterize all cases of domino removal in such rectangles which do not
permit a tromino tiling. Based on this characterization, we suggest a procedure for tiling domino-deficient rectangles.
We also consider general 2-deficiency in n × 4 rectangles, where n ≥ 8, and characterize all pairs of missing squares
which do not permit a tromino tiling.
1.1. Definitions and notation
Firstly, the reader should note that a 2×3 rectangle can be tiled with trominoes (as shown in Fig. 1(i)(a)). We denote
a rectangle with i rows and j columns by R(i, j). We will indicate decompositions into non-overlapping subrectangles
by means of an additive notation. For example, a 3i × 2 j rectangle can be decomposed into i j subrectangles of
dimension 3 × 2 and we write this fact as R(3i, 2 j) = ∑ia=1∑ jb=1 R(3, 2) = i j R(3, 2). It follows from this and
Fig. 1(i)(a) that any 2i×3 j or 3i×2 j rectangle can be tiled with trominoes. Henceforth, any rectangle decomposed into
a combination of 3i × 2 j subrectangles, 2i × 3 j subrectangles and trominoes will be considered as successfully tiled
by trominoes. The square lying in row i and column j is denoted as (i, j). To make the notation simpler, trominoes are
depicted, in the rest of the paper, as a composition of two lines forming an L-shape across an actual tromino (as shown
in Fig. 1(i)(c)). Domino-deficient rectangles with i rows and j columns are denoted in general by R(i, j)−−. All
R(3, 2) and R(2, 3) rectangles are shown as gray-shaded rectangles labeled by the number 2, since they can be tiled
in two ways (see Fig. 1(i)(b)). Any missing domino that does not allow a tiling of the resultant structure is referred
to as a bad case of domino removal, otherwise a good case. For an m × n rectangle, we define an (m, k)-hquad
shift to be a process of detaching the leftmost (rightmost) k columns and attaching an m × k rectangle from the right
(left). For rectangles with no deficiency, such an operation has no meaning. However, for domino-deficient rectangles,
such an operation changes the position of the missing domino, although the size of the given rectangle remains the
same. Fig. 1(iii) shows a (4, 3)-hquad shift for R(4, 8)−−. Similarly, we define a (k, n)-vquad shift to be a process of
detaching the uppermost (lowermost) k × n rectangle and attaching a k × n rectangle from the bottom (top). Fig. 1(ii)
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shows a (3, 4)-vquad shift for R(5, 4)−−. We will use a vquad (hquad) shift to change an untileable configuration
of a rectangle into a tileable one. We do not explicitly specify the direction associated with such shifts, however, the
direction will be clear from the context, since we will only apply such shifts when they are possible in exactly one
direction. Henceforth, we will also simply say tiled to mean tiled by trominoes.
1.2. Organization of the paper
We present some elementary results for rectangles in Section 1.3, sketching a proof of the Chu–Johnsonbaugh
Theorem [4]. In Section 2, we characterize all bad cases of domino removal for m × n domino-deficient rectangles,
where m, n ≥ 4. We first characterize 16 bad cases in Lemma 2.1 which are common to all rectangles, irrespective
of their dimensions. We then prove in Theorem 2.3 that these are the only bad cases of domino removal for all m × n
domino-deficient rectangles, where m, n ≥ 7. We also suggest a procedure for tiling such rectangles based on this
characterization. We separately consider some special bad cases for 2 × (3t + 4), 4 × (3t + 8) and 5 × (3t + 4)
rectangles. These idiosyncrasies occur due to narrowness for such low width rectangles, and are addressed separately
for the sake of completeness. Finally, in Section 2.2, we present an approach to study general 2-deficiency in rectangles
and characterize all bad cases for n × 4 rectangles, where n ≥ 8.
1.3. Elementary results for rectangles
We sketch a proof of the Chu–Johnsonbaugh Theorem [4] starting with the observation that a 3× 3 square cannot
be tiled. Let Q be a 3 × 3 square and consider the three possible ways of covering the square (3, 1), as shown in
Fig. 1(i)(d)–(f). The orientation shown in Fig. 1(i)(f) is immediately ruled out, since square (1, 1) cannot be tiled. In
the cases shown in Fig. 1(i)(d) and (e), a feasible tiling must tile the leftmost 3× 2 subrectangle of Q, so that it is also
a tiling of the third column R(3, 1) of Q, a contradiction. Similarly, one can also show that a 3× 5 rectangle R cannot
be tiled as follows. Consider the tromino covering (3, 1), its orientation must be one of those shown in Fig. 1(i)(d)
or (e). In either case, a feasible tiling must tile the leftmost 3 × 2 subrectangle of R, and hence, also the rightmost
three columns of R. This is a contradiction since we have just shown that a 3 × 3 square is untileable. It is now a
straightforward task to argue in a similar manner to show that no R(3, odd) can be tiled. In order to show that all other
rectangles with area divisible by 3 are tileable, we consider the following three decompositions:
R(3t, 2k) = tk · R(3, 2), t, k ≥ 1 (1)
R(6t, 2k + 3) = R(6t, 2k)+ R(6t, 3), t, k ≥ 1 (2)
R(9+ 6t, 2k + 5) = R(9+ 6t, 2k)+ R(9, 5)+ R(6t, 2)+ R(6t, 3), t, k ≥ 0. (3)
Using Eqs. (1)–(3), the reader may verify that any m × n rectangle (other than R(3, odd)) can be written as
R(3k, even), R(6k, odd) or R(9 + 6k, n), n ≥ 5 and k ≥ 0, where 2 ≤ m ≤ n. Eqs. (1)–(3) show the tiling
rules for each of these cases, the tiling of R(5, 9) (and hence of R(9, 5)) is shown in Fig. 1(i)(g). Apart from R(9, 5),
each of the subrectangles obtained in Eqs. (1)–(3) has dimensions 3i×2 j or 2i×3 j , where i, j ≥ 1, and so is tileable.
This completes the sketch of the proof of the Chu–Johnsonbaugh Theorem [4].
2. Characterizing all bad cases of domino removal
We now characterize all bad cases of domino removal for arbitrary m × n domino-deficient rectangles, where
m, n ≥ 2. First consider tilings of R(2, 3t + 4)−− rectangles, where t ≥ 0. Consider the situation when the removed
domino is vertical and was removed from column x (see Fig. 2(ii)(c)). This domino divides the given rectangle into
two smaller subrectangles which must be completely tileable. We conclude that x can only take the values 3k + 1,
0 ≤ k ≤ t + 1. Now consider the case when a horizontal domino is removed. Without loss of generality, assume that
it is present in the 1st row and occupies squares (1, r) and (1, r + 1). The reader can easily see that the only way of
covering (2, r) and (2, r + 1) is as shown in Fig. 2(ii)(d). Following similar reasoning as above, we conclude that r
can only take the values 3x + 2, 0 ≤ x ≤ t . We summarize these results in the following theorem:
Theorem 2.1. In the case of a vertical domino removal from R(2, 3t + 4)−−, t ≥ 0, the remaining area permits
a tromino tiling if and only if the missing domino occupies {(1, 3k + 1), (2, 3k + 1)}, 0 ≤ k ≤ t + 1. In the case
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Fig. 2. (i) and (ii) Bad cases of domino removal. (iii) Alternate measure for the case {(2, 3), (3, 3)}.
of a horizontal domino removal, the remaining area permits a tiling if and only if the missing domino occupies
{(1, 3x + 2), (1, 3x + 3)}, 0 ≤ x ≤ t .
We now consider larger rectangles. Taking into consideration a rotation by one right angle, we assume without loss
of generality that m ≡ 1(mod 3) and n ≡ 2(mod 3). We separately enumerate bad cases of domino removal when
n = 5, so for now we assume that n ≥ 8. We first characterize all bad cases for R(4, n)−−, R(7, n)−− and R(10, n)−−
rectangles, where n ≥ 8. Using these rectangles as base cases, we characterize all bad cases for arbitrary R(m, n)−−
rectangles, where m, n ≥ 7 and 3|(mn− 2). By symmetry, we also assume henceforth that the domino being removed
contains (i, j) with i ≤ dm2 e and j ≤ d n2 e. We now present the following lemma which characterizes some bad cases
of domino removal for all R(m, n)−− rectangles, where m, n ≥ 3.
Lemma 2.1. The following are bad cases of domino removal for all R(m, n)−−, where m, n ≥ 3 and mn ≡ 2 (mod
3): {(1, 2), (2, 2)}, {(2, 1), (2, 2)}, {(2, 3), (2, 4)} and {(3, 2), (4, 2)}.
Proof. It is easy to see that the square (1, 1) becomes untileable when a domino is removed from the
positions {(1, 2), (2, 2)} or {(2, 1), (2, 2)}. For the case when the removed domino contains {(2, 3), (2, 4)} (resp.
{(3, 2), (4, 2)}), the reader can see that the tromino covering (1, 3) (resp. (3, 1)) makes the square (1, 1) untileable
(see Fig. 2(i)(a)–(d)). We conclude that all these four cases of domino removal are bad. 
We observe that for R(4, n)−− rectangles there are few other bad cases of domino removal (see Fig. 2(ii)(a)–(b)).
Consider the case {(2, 3), (3, 3)} in R(4, 8)−−. If the tromino covering (1, 3) covers (1, 2), then the square (1, 1)
becomes inaccessible. So this tromino must cover (1, 4). Similarly, the tromino covering (4, 3) must cover (4, 4). But
now we have isolated an untileable 4× 2 rectangle. We conclude that {(2, 3), (3, 3)} is also a bad case for R(4, 8)−−,
apart from those characterized in Lemma 2.1. We have verified that all other cases of domino removal in R(4, 8)−−
are good. We leave this verification as an exercise for the reader. We now present the following theorem:
Theorem 2.2. The only bad cases of domino removal for R(4, 3t + 8)−−, t ≥ 0, are {(2, 3), (3, 3)} and those
enumerated in Lemma 2.1.
Proof. Consider tilings of R(4, 3t+8)−−, where t ≥ 0. This rectangle can be viewed as t subrectangles of dimension
4× 3 and R(4, 8)−− joined together. Following our additive notation, we write this as:
R(4, 3t + 8)−− = t · R(4, 3)+ R(4, 8)−−. (4)
If the missing domino in R(4, 8)−− does not form a bad pair, then we can tile it. A 4 × 3 rectangle is tileable, so in
this case we achieve a tiling of R(4, 3t + 8)−−. When the missing domino in R(4, 8)−− is a bad case, we perform
a (4, 3)-hquad shift (see Fig. 1(iii)). The reader should note that we are only considering missing dominoes which
are not enumerated in the theorem statement, so such a shift is always possible except for the case when R(4, 8)−−
has {(2, 3), (3, 3)} as a bad case of domino removal (this position has been specified locally). In this case, we join a
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Fig. 3. (i) Tilings of R(16, 8)−−. (ii) Tilings of R(13, 8)−−. (iii) Tilings of R(13, 11)−−.
removed 4× 3 rectangle from the left (or right) as shown in Fig. 2(iii). The new rectangle R(4, 11)−− is tileable, and
so we have constructed a tiling for R(4, 3t + 8)−−. 
Now we only need to consider R(7, n)−− and R(10, n)−− rectangles, where n ≥ 8. Using these rectangles as
base cases, we characterize all bad cases of domino removal for arbitrary R(m, n)−− rectangles in Theorem 2.3.
For R(7, 8)−−, R(7, 11)−− and R(10, 8)−− we make the important observation that the only bad cases of domino
removal are those enumerated in Lemma 2.1. In the absence of any known elegant method for proving that all other
cases of domino removal are good, we have verified all good cases exhaustively and urge the reader to do the same. It
is now easy to show that the only bad cases of domino removal for R(7, 3t + 8)−− and R(10, 3t + 8)−−, t ≥ 0, are
those enumerated in Lemma 2.1 (see [7]). We now prove our major result, thereby settling the open problem posed by
Ash and Golomb in [6], for tiling an m × n domino-deficient rectangle, where m, n ≥ 7 and 3|(mn − 2).
Theorem 2.3 (Domino-Deficient Rectangle Theorem). An m × n domino-deficient rectangle, where m, n ≥ 7 and
3|(mn − 2), can always be tiled with trominoes provided the domino does not occupy the positions {(2, 1), (2, 2)},
{(1, 2), (2, 2)}, {(2, 3), (2, 4)}, and {(3, 2), (4, 2)}.
Proof. Without loss of generality, we assume that m ≡ 1(mod 3), and n ≡ 2(mod3). We treat the cases m = 7, 10
individually. Note that if m ≥ 13, then m − 6 ≥ 6, and so the missing domino is not present in either the top six or
bottom six rows. So we successively slice a full rectangle of height 6 off the top (or bottom) of R(m, n)−−, that is,
R(m, n)−− = R(m − 6, n)−− + R(6, n), until the dimension m < 13 is reached. In the above equation, the last term
R(6, n) is tileable by the Chu–Johnsonbaugh theorem. Following the above procedure, we eventually land up with
either R(7, 3t + 8)−− or R(10, 3t + 8)−−. If the missing domino is not among the bad cases for either of these two
subrectangles, then we are done. So assume that the missing domino is among the four bad cases. In this case, we join
a removed 6× n rectangle from above (or below) to this subrectangle, to obtain R(13, 3t + 8)−− or R(16, 3t + 8)−−.
We divide this subrectangle by one of the following decompositions:
R(13, 6l + 8)−− = l · R(13, 6)+ R(13, 8)−− (5)
R(13, 6l + 11)−− = l · R(13, 6)+ R(13, 11)−− (6)
R(16, 3t + 8)−− = t · R(16, 3)+ R(16, 8)−−. (7)
Since 13 × 6 and 10 × 3 rectangles are tileable, we need only consider tilings of R(13, 8)−−, R(13, 11)−− and
R(16, 8)−−. For (13, 8)−− and R(13, 11)−−, the corresponding tilings are shown in Fig. 3(ii)–(iii) for all the four
bad cases of domino removal (we assume in the figures that R(6, n) is joined from above). The situation is slightly
different in the case of R(16, 8)−−. For the bad cases {(2, 3), (2, 4)} and {(2, 1), (2, 2)} in R(10, 8)−−, the “badness”
is removed by performing a (6, 8)-vquad shift. The cases {(1, 2), (2, 2)} and {(3, 2), (4, 2)} of R(10, 8)−− become
symmetrical when we join R(6, 8) to R(10, 8)−− from the top (or bottom). So only one tiling is shown in Fig. 3(i)
which suffices for both these cases. 
The above proof is constructive in nature, i.e., it also identifies the tiling rule if there exists one. We now suggest a
procedure for tiling an m× n domino-deficient rectangle based on the above characterization. This procedure takes as
input the dimensions m, n, where m, n ≥ 7 and 3|(mn−2), of the given rectangle and the positions {(i, j), (i +1, j)}
or {(i, j), (i, j + 1)} of the missing domino, which can all be represented in O(log m + log n) bits. If the missing
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Fig. 4. (i) Bad pairs for R(4, 5)−− and R(5, 7)−−. (ii) Bad pairs for the general R(8, 4)−−.
domino is one among the four bad cases enumerated in Theorem 2.3, then a tiling does not exist, otherwise we tile
the given rectangle as follows. We successively slice a full rectangle of height 6 off the top (or bottom) of R(m, n)−−,
until the dimension m < 13 is reached. We now have to tile either R(7, n)−− or R(10, n)−−. If the missing domino
is not among the bad cases enumerated in Theorem 2.3, then we tile the given rectangle by the procedure discussed
before. Otherwise, we join R(6, n) from the top (or bottom) and identify the tiling rule from Fig. 3, tiling R(13, n−8)
(resp. R(13, n − 11) or R(16, n − 8)) by 2× 3 rectangles.
2.1. Some special bad cases of domino removal
We now consider 5 × n domino-deficient rectangles, where n ≥ 4. It turns out that these rectangles have more
bad cases of domino removal than other rectangles. We first characterize all bad cases for R(4, 5)−−, R(5, 7)−−,
R(5, 10)−− and R(5, 13)−− rectangles. Using these rectangles as base cases, we characterize all bad cases of domino
removal for R(5, n)−− rectangles, where n ≥ 10. Consider the rectangle R(4, 5)−−. Fig. 4(i)(a)–(f) shows all the bad
cases for R(4, 5)−−. Consider the case {(1, 3), (2, 3)}. There are two possible orientations for the tromino covering
(1, 1) and (1, 2). If it covers (2, 2), then a 3 × 2 rectangle is completed by the tromino covering (2, 1). It can be
easily seen that the square (4, 1) becomes inaccessible in this case. So in order to permit a tiling, the tromino covering
(1, 1) and (1, 2) must not complete a 3× 2 rectangle. The only possible case is that shown in Fig. 4(i)(e). The reader
can see that (4, 5) becomes inaccessible in this case. Now consider the case {(2, 3), (3, 3)}. In this case at least two
corner squares are made inaccessible by the trominoes covering (1, 3) and (4, 3). The reader should convince himself
that these are the only bad cases of domino removal for R(4, 5)−−. We now present a very interesting observation
regarding bad cases for the rectangle R(5, 7)−−.
Lemma 2.2 (Deficient 5×7 Lemma). If both the x or y coordinates of the domino removed from R(5, 7)−− are even,
then the resulting shape is not tileable.
Proof. We form a kind of checkerboard by marking each of the 12 squares as shown in Fig. 4(i)(g). If both the x or y
coordinates of the removed domino are even, then any tiling of R(5, 7)−− must contain one tromino for each of the
12 marked squares, so that the tiling must have area at least 12 · 3 = 36, which is absurd since the area of R(5, 7)−−
is 33. Thus, all cases of domino removal which satisfy the above criterion are bad. 
Apart from the cases proved bad by the Deficient 5× 7 Lemma, we have one more bad case for R(5, 7)−−, namely
{(3, 2), (3, 3)} (see Fig. 4(i)(h)). The reader can see that the tromino covering (3, 1) covers either (2, 1) or (4, 1). In
the former case it makes (1, 1) inaccessible, and in the latter case it makes (5, 1) inaccessible. Considering rectangles
with more columns, we observe that the only bad cases of domino removal for R(5, 10)−− and R(5, 13)−− are those
enumerated in Lemma 2.1 and {(3, 2), (3, 3)}, as may be verified by the reader. It is now easy to show that the bad
cases of domino removal for R(5, 3t + 10)−−, where t ≥ 0, are same as those for R(5, 10)−− (see [7]).
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Fig. 5. Tiling the general R(3t + 8, 4)−−.
2.2. A step towards general 2-deficiency in rectangles
We now consider general 2-deficiency in rectangles. In this section, we denote general 2-deficient m×n rectangles
by R(m, n)−−. Pairs of missing squares which do not permit a tiling of the given rectangle will be referred to as a bad
pair. General 2-deficiency as such is a lot more complicated than domino-deficiency, and till date no characterizations
exist for any classes of rectangles. We restrict ourselves to studying general 2-deficiency in n × 4 rectangles. Apart
from the bad pairs shown in Fig. 2(i)–(ii) of Section 2, Fig. 4(ii) shows all bad pairs for R(8, 4)−−. It turns out that
the bad pairs shown are the only bad pairs for all R(3t + 8, 4)−−, t ≥ 0. We have the following theorem:
Theorem 2.4. The only bad pairs (apart from those enumerated in Section 2) for R(3t + 8, 4)−−, t ≥ 0, are those
corresponding to the pairs shown in Fig. 4(ii).
Proof. We leave the proof of the badness of the cases shown in Fig. 4(ii) to the reader. We prove the existence of
a tiling in all other cases. First consider the case when there exist two distinct 4 × 4 squares such that each square
contains exactly one missing square, and the remaining area of R(3t+8, 4)−− can be divided into R(3, 4) rectangles.
We denote a deficient 4× 4 square by R(4, 4)−. Following our additive notation, we can decompose R(3t + 8, 4)−−
as shown in Eq. (8) as follows:
R(3t + 8, 4)−− = t · R(3, 4)+ 2R(4, 4)−. (8)
A 3 × 4 rectangle is tileable, while R(4, 4)− is tileable since it satisfies the Deficient Rectangle Theorem [6]. It
follows from the above that R(3t + 8, 4)−− can be tiled in this case. Now consider the case when the position of
the two missing squares does not permit the decomposition as in the former case. In this case, we can decompose
R(3t + 8, 4)−− as shown in Eq. (9) as follows:
R(3t + 8, 4)−− = t · R(3, 4)+ R(8, 4)−−. (9)
If the two missing squares in R(8, 4)−− do not form a bad pair, then we are done. Otherwise, the missing squares are
among the bad pairs shown in Fig. 4(ii). In this case, we join a removed 3 × 4 rectangle from the top (resp. bottom),
and apply the corresponding tiling rule from the various cases shown in Fig. 5. So, we tile R(11, 4)−− as shown, and
separately tile (t − 1) subrectangles of dimension 3× 4, to get a tiling of R(3t + 8, 4)−−. 
2.3. Final remarks
We are currently exploring general 2-deficiency in rectangles and wish to characterize bad pairs for arbitrary m×n
rectangles. The proof of the last theorem is particularly important because it suggests an approach for solving general
2-deficiency in large rectangles. When the missing squares are far apart, the given rectangle can be broken down into
two subrectangles, such that each subrectangle contains exactly one missing square. Now the Deficient Rectangle
Theorem [6] may be used to find a tiling rule, if one exists. However, one would have to consider certain cases as
“basis” cases, before using the above argument, as we did in the proof of Theorem 2.3 in Section 2. We observed
that the number of bad pairs for these “basis” cases is extremely large. So, analysis using the existing techniques
becomes extremely complicated. Moreover, showing non-existence of a tiling by this method seems to be rather hard.
We believe that enumeration of bad pairs may be analysed by studying possible transformations that map between
classes of bad pairs. The hquad and vquad shifts are examples of such transformations; they cannot however generate
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all bad pairs starting from a single one. Furthermore, as a sequel to 2-deficiency problems, one may also consider the
question of k-deficiency, for k ≥ 3.
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